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The atomic structures of 124 single-walled carbon nanotubes, described by their diameter and helicity or
equivalently by the two chiral indicessu,vd that define the perimeter of each nanotube, have been determined
unambiguously by nanobeam electron diffraction. A mapping of 70 possible nanotubes in the range of 1.20–
1.65 nm in diameter with all possible helicities has been constructed experimentally for a carbon nanotube
sample produced by arc discharge. Among the total 124 nanotubes characterized experimentally, 58 nanotubes
of different structure have been identified. By examining the histogram of occurring helicities, we find that,
while certain nanotubes were observed slightly more often than others, the overall feature showed a rather
uniform distribution in occurrence. Basing on a nucleation-and-growth model, we suggest that the uniform
distribution of helicity be originated from the weak dependence on helicity of the formation energy of carbon
nanotubes, while the growth prefers slightly the structure with helicity 15°–30° for which the addition of
carbon dimers would facilitate the growth of carbon nanotubes.
DOI: 10.1103/PhysRevB.71.245413 PACS numberssd: 61.46.1w, 61.14.Lj, 81.07.De
I. INTRODUCTION
Carbon nanotubes are a promising material for various
nanotechnological applications such as field-induced electron
emitters, sensors, and components of molecular electronic
circuits. The properties of a carbon nanotube depend on its
atomic structure. A typical example is the electronic structure
of a carbon nanotube—depending on its diameter and helic-
ity, the carbon nanotube can be either metallic or
semiconducting.1,2 In terms of the crystallographic indices
su,vd, which define the perimeter vectorCW h on graphene by
CW h=uaW1+vaW2 saW1 and aW2 are the crystallographic basis vec-
tors of graphene with the amplitude ofa0=0.2461 nm and an
interangle of 60°,u andv are integersd, if u−v is divisible by
3, the nanotube is metallic and otherwise it is semiconduct-
ing unless the diameter is extremely small where all nano-
tubes appear metallic.3 Of all possible carbon nanotube spe-
cies, about two thirds are semiconducting and one third
metallic.
A great deal of effort has been devoted to the determina-
tion of thesu,vd indices and their distribution ever since the
discovery of carbon nanotubes. Several analytical tech-
niques, including both global and local probe techniques
such as Raman spectroscopy,4,5 optical absorption and
luminescence,6,7 and scanning tunneling microscopy,8,9 have
been applied to map thesu,vd indices. However, the effec-
tiveness in assigning thesu,vd indices unambiguously by
these techniques has been limited by their resolution. On the
other hand, electron diffraction, in particular when a nano-
beam electron probe is used, i.e., nanobeam electron diffrac-
tion sNBEDd, can now provide accurate measurement of
both the helicity and diameter of carbon nanotubes.10–17
Comparing with other techniques, the NBED technique of-
fers advantages in not only more accurate deduction of he-
licity and diameter for individual nanotubes but also that the
individual nanotube can be imaged at the same time. With
the determination of helicity and diameter of each individual
carbon nanotube, the unique structuresu,vd can be assigned.
We have examined 124 individual single-walled carbon
nanotubessSWNTsd and obtained their diameter and helicity
unambiguously using NBED from a sample produced by arc
discharge.18 Carbon nanotubes in this sample usually contain
a large amount of impurities including metal particles, gra-
phitic particles, and amorphous carbon. In addition, SWNTs
usually aggregate to form raftlike bundles or ropes due to the
van der Waals interactions between the tubule walls.19
II. THEORY
Due to the finite size of carbon nanotubes in the radial
direction, the intensity distribution of the electron diffraction
pattern from a SWNT deviates noticeably from that of
graphene. The electron diffraction intensities elongate per-
pendicular to the tubule axis and form a set of diffraction
layer lines. Kinematical theory of electron diffraction can be
used to interpret the electron diffraction patterns of carbon
nanotubes because of the low atomic number of carbon and
the thin layers of the tubule.20,21The scattering amplitude for






f expfis− nf j + 2plzj/cdg, s1d
where d is the diameter of the nanotube defined asd
=Îu2+v2+uva0/p, f is the atomic scattering amplitude of
carbon for electrons, andc is the axial periodicity of the
nanotube. The summation forj is done over all the compos-
ing helices for the nanotube with the relative atomic shifts of
sd/2 ,f j ,zjd in the cylindrical coordinates and forn and m
over all integers as allowed by the selection rulel =nc/C
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+mc/D with C being the pitch length of the helices andD
being the axial distance between neighboring carbon atoms
along a helix. For a SWNT of chiral indicessu,vd with the
perimeter length ofCh and helicity ofa, C=Chtans60°−ad
and D=a0sins60°−ad. With the axial periodicity derived as
c=Î3Ch/M where M is the maximum common divisor of
s2u+vd and su+2vd, we can derive the selection rule for a
SWNT su,vd as
l = fnsu + 2vd + 2msu2 + v2 + uvdg/suMd. s2d
Considering the geometrical relationships between all the
composing helices of a SWNTsu,vd, the scattering ampli-







where we have definedxuvsn,md andguvsn,md as
xuvsn,md = 1 + exph2pifn + s2u + vdmg/3uj, s4d
and
guvsn,md =
1 − expf− 2pisn + mvdg
1 − expf− 2pisn + mvd/ug
= Hu, sn + mvd/u = integer
0, otherwise.
J s5d
The diffraction intensity distribution is then dictated by
IuvsR,F,ld = uFuvsR,F,ldu2. s6d
From Eqs.s2d–s6d, we can see that the intensity distribu-
tion on each layer line is modulated by Bessel functions of
various orders, which account for the curvature of the cylin-
drical tubule and are dominated by a single Bessel function
of the order determined by the selection rule. On the equa-
torial layer line wherel =0, the selection rule in Eq.s2d dic-
tates that the dominating order of Bessel function isn=0,
i.e., the intensity distribution on the equatorial layer line is
modulated byuJ0spdRdu2, from which we can determine ac-
curately the diameterd of a SWNTsu,vd.
As regards to the scattering intensities on the nonequato-
rial layer lines, it is of special interest to examine the layer
lines corresponding to the principal reflections ofh100j*
type, which bear the strongest intensities in the electron dif-
fraction patterns of carbon nanotubes. The three principal
layer lines, due to theh100j-type reflections of the graphene
structurescf. Fig. 1d, lying above the equatorial layer line are
referred to asL1, L2, andL3 in descending order and their
values arel1=s2u+vd /M, l2=su+2vd /M, and l3=su−vd /M,
respectively.13,23 By reference to Eqs.s2d and s5d, we can
obtain that the orders of Bessel functions that dominate the
intensity distributions on layer linel1, l2, and l3 are n=−v,
n=u, andn=−su+vd, respectively. Therefore, the scattering
intensities on the three principal layer linesL1, L2, and L3
are
IsR,F,l1d ~ uJvspdRdu2, s7ad
IsR,F,l2d ~ uJuspdRdu2, s7bd
IsR,F,l3d ~ uJu+vspdRdu2. s7cd
Figure 1 shows the calculated electron diffraction pattern of
carbon nanotube of chiral indicess14,10d. The overlapped
hexagons represent the primary graphene reflections and the
anglea is the helicity of the nanotube.
On the other hand, it should be noted that Eqs.s7ad–s7cd
also offer a precise and rapid method to determine the chiral
indices of single-walled carbon nanotubes directly. Since the
positions of the intensity peaks are unique to each order of
the Bessel function, we can identify the order of the Bessel
function that matches the diffraction intensities on these
three principal layer lines. These chiral indicessu,vd can
therefore be readily assigned unambiguously once the corre-
sponding order of the Bessel function is determined from the
experimental electron diffraction pattern.
III. EXPERIMENT
High-resolution NBED data were acquired from a trans-
mission electron microscope equipped with a field-emission
gun sJEM-2010Fd. To avoid radiation damage to the SWNT
structure,24 the microscope was operated at 80 kV and a par-
allel electron illumination with 20 nm beam size was ob-
tained by utilizing a 10mm condenser aperture and exciting
the first condenser lens to maximum. The NBED patterns of
FIG. 1. Calculated electron diffraction pattern of carbon nano-
tube of chiral indicess14,10d. The two hexagons represent the pri-
mary h100j-type reflections from graphene which form principal
layer lines labeled asL1, L2, andL3 as indicated in the figure. The
intensities are elongated in the direction perpendicular to the tubule
axis and the center of each reflection also shifts outward compared
with the corresponding graphene reflection.
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individual SWNTs were recorded on photographic films,
which were later digitized using a high resolution film scan-
ner.
Figure 2sad shows a typical high-resolution transmission
electron microscopesHRTEMd image of a SWNT, in which
the dark lines correspond to the projection of the side walls
of the nanotube and the chirality of the nanotube is usually
not reflected. The corresponding NBED pattern, given in Fig.
2sbd, consists of several layer lines due to the periodicity of
the structure in the axial direction of the nanotube. The di-
ameter of the nanotube, about 1.60 nm, can be measured
directly from the image using the graphitic spacings0.345
nmd as a scale bar.
However, more accurate measurement of the diameter can
be obtained from the electron diffraction intensity distribu-
tion on the equatorial layer line as discussed in the above
section. The diffraction intensity distribution on the equato-
rial layer line is modulated mainly by the module square of
the zero-order Bessel functionJ0sXd sX=pdRd as shown in
the central layer line in Fig. 2sbd. Figure 2scd shows the
corresponding intensity profile of the equatorial layer line.
Measurement of the ratio of the two peak positionssthe fifth
maximum of the module square of zero-order Bessel func-
tion on each sided on the equatorial layer line in reciprocal
spacesthe distance between them is 2R, indicated by dark
arrowsd was used to deduce the diameterd of the nanotube
d = X5/pR, s8d
whereX5 is the value at whichuJ0sXdu2, the module square of
the zero-order Bessel function, acquires its fifth maximum.
The diameterd of this carbon nanotube measured from the
equatorial layer line in its electron diffraction pattern is 1.60
nm. In our experiment, since the maximum errorsR in the
measurement of the peak positionR was 1%, the maximum
error sd of measuring the nanotube diameterd is also 1%
ssd/d=sR/Rd. The overlapped intensity profile is the simu-
lated intensity of the module square of the zero-order Bessel
function using the nanotube diameter of 1.60 nm.
The helicity of the carbon nanotube can also be deduced
accurately from its electron diffraction pattern by either mea-
suring the relative twist angle13 or the ratio of the layer line
spacings.16 Given the experimental limitations, using the ra-
tio of layer line spacings would give rise to results of the
highest accuracy. We measured 2D1, the distance between
the top and the bottom layer lines, 2D2, the distance between
the two middle layer lines, and 2D3, the distance between the
layer lines next to the equatorial layer line, respectively, as
indicated in Fig. 2sbd. The helicity a of this nanotube is
calculated from the following equation:16
a = tan−1ss2D2 − D1d/Î3D1d. s9d
The major error in the measurement of helicity comes from
the errors in the measurement of the layer line spacingsD1
andD2. In the present measurement,s1 ands2, the errors of
measuringD1 andD2, respectively, are all 0.009 nm
−1. The




ÎsD2/D1d2s12 + s22, s10d
which would lead the maximum of error in the deduction of
helicity to be 0.08°. The helicity of the nanotube shown in
Fig. 2sad is therefore 24.50° ±0.08°, whose crystallographic
indices ares14,10d. It is a semiconducting nanotube.
IV. RESULTS AND DISCUSSION
Figure 3sad shows a map of all carbon nanotubes of diam-
eter from 0.5 to 3.0 nm, in which the metallic tubules are
represented by solid circles and the semiconducting ones by
triangles. There are 458 carbon nanotubes of different indices
su,vd within this range. The shaded area covers all nanotubes
of diameter from 1.20 to 1.65 nm, within which the above-
discussed NBED technique can assign thesu,vd indices un-
ambiguously with the accuracies of ±1% in diameter mea-
surement and ±0.08° in helicity measurement. There are total
70 nanotube species falling within this range.
To avoid selective sampling, we chose randomly isolated
SWNTs for acquiring NBED data. In experiment we have
characterized a total of 124 individual carbon nanotubes with
FIG. 2. Characterization of a chiral SWNTs14,10d. sad HRTEM
image of the SWNT. The nanotube diameter, 1.60±0.08 nm, was
measured directly from the two dark lines.bd Corresponding
NBED pattern. The helicity of this nanotube is measured
24.50° ±0.08° from the layer line spacings.scd Digitized diffraction
intensity profile of the equatorial layer line insbd. The distance 2R
between the two peakssX5d indicated by arrows is used to measure
the nanotube diameter. The overlapped intensity profile is the cal-
culated electron intensities expressed by the module square of the
zero-order Bessel functionJ0spdRd.
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diameters in the range from 1.20 to 1.65 nm, as shown in
Fig. 3sbd. The average diameter of the observed carbon nano-
tubes is 1.38 nm, the same as the SWNTs produced by laser
ablation.25
Among the total 70 different nanotubes in this range, de-
picted in Fig. 3scd, the solid circles and triangles represent
the metallic and semiconducting nanotubes, respectively.
There are 25 metallic and 45 semiconducting nanotube spe-
cies in this diameter range. It should be noted that the nano-
tubes are not evenly distributed, for instance, along the zig-
zag nanotube lineshelicity is 0°d, there are more nanotubes
than at other helicities. Metallic nanotubes, withn−m evenly
divisible by 3, intertwine with semiconducting nanotubes in
the map.
For the 124 isolated SWNTs examined randomlysa com-
plete list is given in Table Id, 58 nanotubes of different struc-
ture have been identified, covering more than 80% of all 70
configurations. The metallic and semiconducting nanotubes
have a number ratio of 21/37, which is in accordance with
the population ratio of 25/45. It shows that there is no pref-
erence of either metallic nanotubes or semiconducting nano-
tubes. However, some of the individuals were observed more
often than others, for example, carbon nanotubes13,8d, a
semiconducting nanotube, was encountered five times.
Among the 70 possible nanotubes in the diameter range
between 1.20 and 1.65 nm, the experimental observations
showed that there was no strong preference in the distribu-
tion of helicity, while noticeable fluctuations in the occur-
rence of some helicities were visible as shown in Fig. 4sad.
For example, the observed zigzag nanotubes are equal to that
of armchair nanotubes.Ab initio calculations of the total en-
ergy of both chiral and achiral nanotubes indicate that the
nergy difference is smaller than 20 meV/atom between
FIG. 3. sad All 458 nanotube species with diameter from 0.8 to
3.0 nm. Solid circles and triangles represent metallic and semincon-
ducting nanotubes, respectively.sbd Diameter distribution of the
124 individual SWNTs examined experimentally. A Gaussian fit of
the diameter distribution was represented by the black curve, in
which the peak is around 1.38 nm with a standard deviation of 0.1
nm. scd Portion of the shaded region insad, which has been charac-
terized experimentally. 58 out of the 70 nanotube species were ob-
served, among which 21 are metallic and 37 are semiconducting.
TABLE I. List of the su,vd indices of the 124 examined nano-
tubes. Column O indicates the number of encounters of the corre-
sponding nanotube species.
su,vd O su,vd O su,vd O
s18,0d 1 s16,0d 2 s13,5d 2
s21,0d 1 s17,0d 2 s14,6d 4
s19,1d 2 s19,0d 0 s13,6d 2
s16,1d 1 s20,0d 1 s15,7d 3
s20,2d 0 s20,1d 1 s14,7d 3
s17,2d 0 s18,1d 2 s15,8d 2
s18,3d 3 s17,1d 4 s12,7d 3
s15,3d 1 s15,1d 0 s13,8d 5
s16,4d 3 s19,2d 2 s11,7d 2
s17,5d 2 s18,2d 5 s14,9d 3
s13,4d 3 s16,2d 0 s12,8d 2
s14,5d 2 s15,2d 1 s13,9d 1
s15,6d 5 s19,3d 0 s14,10d 2
s16,7d 1 s17,3d 1 s10,8d 1
s12,6d 1 s16,3d 0 s11,9d 4
s13,7d 3 s14,3d 2 s12,10d 1
s14,8d 3 s18,4d 1 s13,11d 2
s15,9d 1 s17,4d 1 s10,9d 2
s11,8d 0 s15,4d 2 s11,10d 3
s12,9d 4 s18,5d 1 s12,11d 0
s13,10d 2 s14,4d 1 s16,5d 2
s9,9d 0 s11,11d 1 s15,5d 0
s10,10d 4 s12,12d 1 s17,6d 1
s16,6d 0
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nanotubes of different structures. This suggests that, ener-
getically, all carbon nanotubes could be formed without
strong preferences. Basing on the equal petition of energy in
the formation of nuclei, we suggest that the distribution of
helicity among the chiral nanotubes be uniform and occur
randomly as discussed in the polyyne ring model.26 Once the
nuclei of carbon nanotubes were formed, carbon atoms or
other species such as dimers and trimers were added to the
open ends with the assistance of metal catalysts. Continuous
addition of the various carbon species promotes the growth
of carbon nanotubes.
However, detailed examination of the helicity distribution
reveals that there was a slightly favored distribution of he-
licities in the experimental measurement. This observation is
better reflected in the plot of the normalized distribution of
observed nanotubes with respect to helicity, as shown in Fig.
4sbd. A Gaussian peak, also shown in the figure, was ob-
served around the helicity of 20° with a standard deviation of
4°. Actually, for the examined sample, more than 40% of the
nanotubes observed are located between the helicities of 16°
and 24°. We suggest that the favored helicity distribution of
nanotubes be attributed to the different growth rates of nano-
tubes of different structures, though the nucleation rates of
various nanotube species had a uniform distribution. The
original nuclei of carbon nanotubes may be either chiral or
achiral. However, the higher concentration of carbon dimers
available in the carbon plasma plume makes the growth of
carbon nanotubes of helicity near the armchair structure
faster than other configurations as schematically illustrated in
Fig. 5, where the two newly added dimers were forming
covalent bondssindicated by dotted linesd with the already-
grown structure. It is this kinetics factor that resulted in
the uneven distribution of observed configuration of carbon
nanotubes. We believe that control and manipulation of
the distribution of helicity of carbon nanotubes can be
exercised by tuning the concentrations of the various
carbon speciesssingle atoms, dimers, trimers, etc.d in the
carbon source from which the growth of carbon nanotubes is
accomplished.
V. CONCLUSIONS
Kinematical theory of electron diffraction has been devel-
oped and applied to obtain the chiral indices of single-walled
carbon nanotubes. Although the diameter of a SWNT can be
measured directly from the HRTEM image, the intensity dis-
FIG. 4. Helicity distribution of the 124 individual SWNTs char-
acterized experimentally.sad Histogram showing the number of
nanotube speciesgray columnd and the number of the observed
individual nanotubessblack columnd with different helicities, plot-
ted in intervals of 2°.sbd Histogram showing normalized number
snormalized by dividing the observed number of nanotubes by the
number of nanotube species at each helicityd of characterized indi-
vidual nanotubes with different helicities. Nanotubes of helicities
15°–30° were slightly favored, attributed to the higher growth rate
of these nanotubes.
FIG. 5. Schematic illustrating the faster growth rate of nano-
tubes of helicities 15°–30°, where additions of newly arrived dimers
sdark-gray coloredwould facilitate higher growth rate. The dotted
lines denote new bonds.
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tribution on the equatorial layer line offers higher accuracy
in the measurement. Furthermore, the chiral indices of a
SWNT can be derived accurately from the intensity distribu-
tion on the principal layer lines. In total the diameter and
helicity of 124 randomly isolated SWNTs belonging to 58
nanotube species have been determined unambiguously. The
determined nanotube structures are mapped with respect to
their diameters and helicities and compared with the theoret-
ical mapping of 70 possible carbon nanotube species in the
range of 1.20 to 1.65 nm in diameter with all possible helici-
ties. By examining the histogram of helicities, we find that,
while certain nanotubes were observed slightly more often
than others, the overall feature showed a rather uniform dis-
tribution in occurrence. Basing on a nucleation-and-growth
model, we suggest that the uniform distribution of helicity be
originated from the weak dependence on helicity of the for-
mation energy of carbon nanotubes, while the growth prefers
slightly the structure with helicity 15°–30° for which the
addition of carbon dimers would facilitate the growth of car-
bon nanotubes.
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